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0. Introduction

We consider formal, smooth, or real analytic hypersurfaces in C**! and
mappings between such hypersurfaces. The mappings we study are either
the restrictions of germs of holomorphic mappings, CR mappings, or, more
generally, formal holomorphic mappings defined by nonconvergent power
series. Let M be given locally by p(Z,Z) = 0, with Z € C"*!, p real,
p(0) =0, dp(0) # 0. A transversal coordinate for M is Z,.| defined by
(Z,0) =a(Z)Z,.1, 2(0) £0. If H: M — M’ is a holomorphic or formal
map between two hypersurfaces M, M’ in C**!, given by Z! = H;(Z), and
if Z,_, is a transversal coordinate for M’, then H,,, is called a transversal
component of H.

Our first result in this paper (Theorem 1) shows that if M’ is of finite
type (in the sense of Kohn [12] and Bloom-Graham [5]) and H is of finite
multiplicity (as in [3]), then (0 Hy11/8Z,41)(0) # 0, where H,, and Z,,
are transversal. This was proved by Fornaess [9] in the pseudoconvex case
using the Hopf Lemma. We also show (Theorem 2) that if M is essentially
finite (as defined in [2], [3] and [6]) and H,,; does not vanish identically,
then H is of finite multiplicity. Next we show (Theorem 3) that if M and
M’ are essentially finite, then H is of finite multiplicity if and only if a
certain Jacobian determinant associated to A is nonvanishing.
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In §4 these results are combined and applied to smooth CR mappings
(Theorem 4). A relationship between the essential types of M and M’
and the multiplicity of H is given in Theorem 5 for smooth CR mappings,
similar to that given in [3] for real analytic manifolds.

In §5, we use the previous results, together with the results of [3] to give
results on holomorphic extendability of smooth CR mappings between
real analytic hypersurfaces with minimal hypotheses (Theorem 6). These
results generalize the classical results in the strongly pseudoconvex case due
to S. Pincuk [14] and H. Lewy [13]. More recent work in this direction
was given by Baouendi-Jacobowitz-Treves [2] in the diffeomorphic case,
the authors in [3] and with S. Bell in [1], and Diederich-Fornaess [8].

§6 deals with global proper holomorphic mappings # from one bounded
domain D in C"*! to another, both with real analytic boundaries. We as-
sume the mapping extends holomorphically at each point of the boundary
of D. By applying Theorem 4, we show that a transversal derivative of a
transversal component of the mapping is necessarily nonvanishing at each
point of 8D (Theorem 8). We use this result to relate global and local
multiplicity of # in D and on the boundary of D.

Finally, we prove (Theorem 10) that a proper holomorphic self-map
of a bounded domain with real analytic boundary is a biholomorphism,
generalizing a result of Bedford-Bell [4] in the pseudoconvex case.

Some of these results generalize theorems in C? proved using different
methods by the authors jointly with S. Bell in [1].

1. Formal hypersurfaces, CR mappings, essential type, and multiplicity

By a germ of a formal hypersurface M at the origin in C"*! we shall
mean a formal power series of the form

(L1.1) PZ.Z)~ Y capZ°Z’,

with the reality condition ¢, = Cg,, coo = 0 and 9p(0) # 0. If p is a real
analytic function, then {Z: p(Z,Z) = 0} is a real analytic hypersurface.
If M c C"*! is a smooth hypersurface defined near 0, then we associate to
M a formal hypersurface by taking p to be the Taylor series of its defining
function at the origin. Since a local defining function is determined only
up to multiplication by a real nonvanishing function, we will regard two
series p and p; of the form (1.1) as defining the same formal hypersurface
if and only if p|(Z,Z) ~a(Z,Z)p(Z,Z), where a is a real formal power
series with a(0) # 0.
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After a formal holomorphic change of coordinates we may assume
(1.2) P(Z,0) ~ &(Z)Zns1,  a(0) #0.

We write Z,,,; = w, and (Z,,--- ,Z,) = z. Then w is called a transversal
(formal) coordinate for M.

(1.3) Definition. A formal hypersurface M at 0 is of finite type if
p(2,0,Z,0) £ 0, where p satisfies (1.2).

The reader can easily check that if M is a smooth embedded hypersur-
face in C"*!, then M is of finite type at O (in the sense of Kohn [12] and
Bloom-Graham [5]) if and only if its associated formal hypersurface is of
finite type as in Definition (1.3).

(1.4) Definition. A formal hypersurface M at 0 is called essentially
Sfinite if p(z2,0,£,0) ~ > a,(z){*, with

(1.5) dimc @[[2]]/(a.(2)) < oo,

where p satisfies (1.2}, and (a,(z)) is the ideal generated by the a,(z) in the
ring of formal power series in 7 indeterminates @[[z]]. It can be checked
(see D’Angelo [6], where a similar definition is given) that definition (1.4)
is independent of the choice of formal coordinates. The number given
by the left-hand side of (1.5) will be called the essential type of M at O,
written ess type,M; it is also independent of the choice of the coordinates.

(1.6) Definition. If A and M’ are two formal hypersurfaces at the ori-
gin, a formal CR map from M to M’ isann+ 1 tuple H = (H,, -+ , Hy.1),
where H;(Z) = Y_a/Z* is a formal power series, a/ € C, aé = 0, such that
if p and p' are defining series for M and M’ respectively, then

(1.7) p'(H(Z),H(Z))=b(Z,Z)p(Z,Z),
where b(Z,Z) is a real formal power series.

If we assume the formal coordinates Z’ for M’ satisfy (1.2) with Z
replaced by Z’ and p by p’, then we write H; = F;, 1 < j < n, and
H,.1 = G, a transversal component of H. If G is another such transversal
component, it is clear that

(1.8) G(Z)=b(Z)G(Z), b(0)#£0.

If the coordinates for M have been chosen to satisfy (1.2) with the notation
Z,.1 = w, then it follows from (1.2) (and a similar formula for p’) and
(1.7) that any transversal component G satisfies

(1.9) G(z,w) = wGy(z,w),

where G is another power series.
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(1.10) Definition. Suppose that H = (Fy,-:- , F,, G) is a formal CR map
from M to M’ where the coordinates for M and M’ have been chosen as
above. Then H is of finite multiplicity if

(1.11) dime¢ @[[z]]/(Fi(z,0), - , Fa(2,0)) < o.

One can easily check that this definition, as well as the number defined
by (1.11), are independent of the choice of formal coordinates for M
and M’. The number defined by the left-hand side of (1.11) is called the
multiplicity of H at 0, written multH. When M and M’ are smooth
hypersurfaces and H is a C*® CR map from M to M’, it was shown in
[3] that there is an associated formal CR map, and the definition of finite
multiplicity given there is the same.

When M, M’ and H are real analytic we have the following results which
will be proved in §6.

(1.12) Proposition. If M is real analytic, k an integer > 1, and Uy, the
germ defined by

(1.13) Uy = {p € M: esstype, M > k},

then Uy is a real analytic subvariety of M.
(1.14) Proposition. If H: M — M’ is a real analytic CR map with M
and M’ real analytic, k an integer > 1, and Wy, is the germ defined by

(1.15) W,={peM: mit,H > k},

then W is a real analytic subvariety of M.

2. Nonvanishing of the differential of a formal CR map

Our main result of this section is the following.

Theorem 1. Let H: M — M’ be a formal CR map, where M and M’
are formal hypersurfaces at the origin in C"*', with M’ of finite type. If H
is of finite multiplicity and G is a transversal component of H, then we have

@1 25 #0,

where w is a transversal coordinate for M.

(2.2) Corollary. Let #: C"*! — C"*+! be a germ of a holomorphic map
defined near 0 with #(0) = 0. Suppose that % (M) C M', where M and M’
are germs of two real analytic embedded hypersurfaces in C**', containing
0, with M’ of finite type at 0. If # is a finite map (in the sense that the
components of Z have no common zeros near the origin, other than 0),
then the gradient of # at 0 is nonzero. More precisely, if G is a transversal
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component of H = #|y;, and w a transversal holomorphic coordinate for
M, then (2.1) holds.

In order to prove Theorem 1, we shall need some notation. As in §1, we
write H = (F,--- , F,, G), where G is a transversal component of H, We
let (z,w) be formal coordinates for M, with w a transversal coordinate. It
follows from (1.2) that after a linear change of variables in C**!, we can
assume that the defining function p is of the form
(2.3) plz,w,Z, W) ~ wZiw —-¢ (Z,E, w——ztﬂ) ,
with ¢(0) = 0, V¢(0) = 0, ¢(2,0,0) = 0 and ¢(0,{,0) = 0. By a further
formal change of variables as in [2] we may assume that

(2.4) ¢(z,0,w) ~ ¢(0,{,w) ~ 0.

We shall write z = x + iy and w = s+ it, x,y € R*, 5,1 € R. Similarly, we
may assume that the defining function for A’ is given by

(2.5) Pz, v\ w) ~w - Q,Z,w),
where |
(2.6) Q(z',0,0) = Q(0,¢',0) ~ 0, Q(z',0,w") ~ o', W)W,
with a(0) # 0.
(2.7) Lemma. For z,{ € C", s € C we have
(2.8) Glz,5+ip(2,{,5)) ~ Q(F (2,5 + i9(2,{,9)), F({,5 — i9(2,{,9)),

G({,S - i(D(Z, é’a S)))
Proof. Combining (1.7), (2.3), and (2.5) we obtain

G(Z,'LU) - Q(F(Z,'LU),F(?,W), G(E’w))
2.9 -w w
29) ~b(z,w,7,ﬁ)(w2iw—q)(z,?,w;w)).

We first replace w by s+ip(z,Z,s) in (2.9), and observe that the right-hand
side vanishes. Since we may regard z and Z as independent variables, we
may replace Z by { in (2.9), and (2.8) then follows.

We now set a new variable 7 by

(2.10) T~s5—ip(z,{,9).

By the implicit function theorem we may find R(z, {,7) satisfying

(2.11) s+i9p(z,¢,5) ~ R(z,{,7).
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(Note that R(z,0,0) ~ R(0,{,0) ~ 0.) It follows from (2.3) that R,(0) # O,
so that we may uniquely define ,u(z3 {) satisfying

(212) R(z,s,,u(z,{)) ~ 0> ,u(z,O) ~ :u(0> g) ~

(2.13) Lemma. If32(0) =0, then fork =1,--- ,n
(2.18)  Qk(F(2,0), F(, u(2,0)), G, (2, $))D(z,{) ~ A(2)A(2, (),
where

0=, 00) = g2, 05w,

(2.15)  D(z,0) ~det[Fy ., (2,0) + Frw(z,0)R;, (2, ¢, u(2,{))],
(2.16) A(z) ~ ZQI (2,0),0,0)F, 5(0),

where Q' (z', (', w") = (8Q/8¢)(2', ', w'), and
Ap(z,0) = detBk(Z,D,
By (z,{) being obtained by replacing the kth column in the matrix of the
right-hand side of (2.15) by R; (z,{, u(z,{)).
Proof. We begin by making { = 0 in (2.8) and obtain, using (2.4),
(2.17) G(z,5) ~ Q(F(z,5),F(0,s),G(0,5)).
Replacing s by s + ip(z,{,s) in (2.17) we get
(2.18) G(z,s+ip(z,L,5)) ~ Q(F(z,s + ip(z,(,5)), F(0,5 + ip(z,{,5)),
G(0,s + ip(z,2,9))).
By subtracting (2.18) from (2.8) we obtain
(2.19) Q(F(z,5+i9(z,{,5)), F(C,s ~ ip(2,,5)), G, 5 — ip(z,{,5)))
~Q(F(z,s+ip(2,(,5),F(0,s +ip(z,{,5)),G0,5s + ip(z,{,5))).
Making use of (2.10) and (2.11), we obtain from (2.19),
Q(F(z,R(z,¢,7), F({, 1), G(¢, 1))
- Q(F(z,R(2,{,7)), F(0,R(z,{,7)), G(0, R(z,¢, 7)) ~ 0.

Now we differentiate (2.20) with respect to z;, j = 1 Jh, set 7= u(z,{)
as defined in (2.12), use (2.6) and the assumptlon (0) 0, to get

(2.20)

S 0uF (2,01 F(Go (2, 00). 50 (2, 0))

(2.21) fe=1
X [Fr,z,(2,0) + Fw(z,0)R;, (2, {, u(2,{))]

- A(Z)RZJ(Z: {, ,ll(Z, g)) ~
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Now the lemma follows by applying Cramer’s rule to the system of equa-
tions (2.21).
(2.22) Lemma. If $$(0) = 0 and det(0 F;/8z)(z,0) # O, then

(2.23) Ok(F(2,0), F(C, 1(2,0)), G(C, (2, ())) ~ 0.

Proof. We shall prove that A(Z) ~ 0, where A(Z) is defined by (2.16).
The lemma will then follow from Lemma (2.13) and the observation that
D(z,0) ~ det(0F;/0z;)(z,0) # 0. We reason by contradiction. Assume

(2.24) A(z)#0.
We shall show that (2.24) implies that
(2.25) 08,.D(0,{) =0 forall o,

contradicting the assumption det(8F;/0z;)(z,0) # 0. Let /, > 1 be mini-
mal so that there exists a multi-index }o, |yo| = y, such that
(2.26) 8,10 A(0) #£ 0.

By expanding the determinant D(z,{) given by (2.15) we have

(2.27) D(z,) = Do(2) + ) Frw(2,00Au(2, (),
k=1

where Dy(z) = det(6F;/8z,)(z,0). After a linear change of the F, we may
assume (since A{z) # 0) that
(2.28) F,(0)=1 and F;,(0)=0, 2<j<n.

Therefore we have

A(z) ~ Q'(F(2,0),0,0) # 0.
Hence also,

(2.29) 01(0,F(£,0),0) #0.

We return to the proof of (2.25). By (2.14) with k = 1 and (2.29) we
conclude that (2.25) holds for |af < [p. We claim also that

(2.30) A0,0)~0, l<i<n.

Indeed by putting z = 0 in (2.27) we get (2.30) for i = 1. Now apply
8,1 to (2.14) with k£ = 1. Since the right-hand side is 0 (by (2.30) with
i = 1) we obtain 8,,D(0,{) = 0. Now by applying 9., to (2.14) for k,
k =2,-.-,n, we obtain (2.30) for all i. Note also that by applying §,.
with |a| = [y, we obtain (2.25) for all |a] = [
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Now assume by induction that (2.25) holds for all «, |o| </, and that
(2.31) A;4(0,0)=0 forall || <I-1.

We shall prove that (2.25) and (2.31) hold for || =/+1 and |f| = [-[+1.
For such B, apply 8,5 to (2.27), and put z = 0. Since |#| </, the inductive
assumption and (2.28) give

0,5 Do(0) + A, 24(0,¢) ~ 0,

which shows (2.31) holds with i = 1 and |#]| = !/ — Iy + 1. Now apply
Oz, || =1+ 1, to (2.14) with k = 1. Since 8,;4(0) = 0 if |B| < lp and
0A:(0,0) =0if |y| <1+ 1+ [y we obtain

Q1(0, F(€,0),0)822D(0,¢) ~ 0,

which proves (2.25) for |a| < [+ 1. It remains to prove (2.31) for i =

2,---,n and |B| = [ - [y + 1. By a rotation we may assume that y; =
(lp,0,---,0). We introduce a linear ordering on such multi-indices £ by
putting

(Bl)“' )Bﬂ) < (ﬂi’ )Bili)

if B] < By of B{ = B and B} < B, and so forth. We shall assume by
induction that (2.31) holds for all # with g < % (or we shall make no
assumption in case % = (I — lp + 1,0,---,0)). We shall prove (2.31) for
B°. We apply 8 to (2.14) for k = 2,-- ,n, with y = (lo+ B2, B9, -, BY),
where B0 = (B9,---, BY). Since 8,.D(0,{) ~ 0 for |a| = [ + 1, the left-
hand side vanishes after putting z = 0 and we obtain, by the inductive
hypothesis on f, that the right-hand side is reduced to

BZ,OA(O)GZﬂoAk(O, {)~0.

This completes the proof of the induction and hence that of Lemma (2.22).
The proof of Theorem 1 will be completed by the following, since the
hypothesis that H is of finite multiplicity implies det(8F;/0z;)(z,0) # 0
(see [3, Lemma (3.19)]).
(2.32) Lemma. If H is of finite multiplicity and M’ is of finite type, then
forsomek, 1 <k <n,

(2.33) Qu(F(2,0), F({, u(2,0)), G(¢, u(2,0))) 2 0.

Proof. We shall show that if (2.33) does not hold for any %, then
Q(z,{,0) = 0, contradicting the assumption that M’ is of finite type. As-
sume now that fork =1,---,n

(2.34) Qk(F(2,0), F(L, u(z,0)), G(¢, u(2,0))) = 0.
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In (2.8), we replace s — ip(z,{,5) by 7 and s + ig(z,{,s) by R(z,{, 1) as
in (2.11); then we replace 7 by u(z,{). From (2.12) we obtain (by using
(1.9))

(2.35) Q(F(2,0),F({,1(2,)), G(¢, (2, () ~ 0.
Since Q,,(0) # 0 by (2.6), we obtain by expanding (2.35)

G(C, u(z,0)) ~ O(F(2,0), F({, u(2,0)), 0)71(2,{)

for some invertible power series 7;(z, {). Substituting for G({, u(z,{)) in
(2.34) and expanding the resulting series yield

(2.36) Qk(F(2,0),F({,u(2,0)),0)
+ Q(F(Z90)57(Ca /L(Z, C)),O)'})(Z, C) ~ 0:

where y(z, {) is a formal series.
In order to prove that (2.36) implies Q(z,{,0) ~ 0 we consider first
the case where all the power series in (2.36) are convergent. Consider the

mapping
(2.37) (2,{) = (F(2,0), F({, (2. 0)))

from C?* to C2*. Since u(0,{) = 0 and z — F(z,0) is finite in the sense of
[10], we conclude that the same is true for the map defined by (2.37). For
¢ > 0 sufficiently small, let (z/,{’) € C?*, |z'| < ¢, |{'| < ¢&. Let N be the
generic number of inverse images for F(z/,0) = z/, F({/, u(z/, %)) = {'.
Now replace z by z/ and { by ¢/ in (2.36), and sum over j, 1 < j < N, to
obtain

(2.38) Qu(z,¢,0)+Q(2,{',0)6(2',{') =0,

where J(z’,{’) is again holomorphic, since it is a symmetric function of
the z/ and {/ (see e.g. [10]). Since Q(0) = 0, from (2.38) by unique-
ness for ordinary differential equations we obtain the desired conclusion
QZ,0,00=0.

For the general case we shall first reduce to the convergent case by trun-
cating the formal series appearing in (2.36), and then show that 0(z,{,0) =
0 mod z?,{? for all integers p. By an application of Nakayama’s lemma
(see [3, Lemma (4.3)]) we have, for all p sufficiently large, the mapping
(z,{) — (FP(z,0), FP(C, 1P(2,£))) is a finite holomorphic mapping of mul-
tiplicity N, N independent of p, where F? and u? are the polynomials
obtained from F and u by dropping all terms containing a factor of the
form z? or {¥. We truncate Q and y similarly, and define Q7 (z’, {’,0) by
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(QP)z (2", {’,0). Then from (2.36) we obtain

(2.39) QU(F?(z,0),F°({, 47 (2,0)),0)
+ QP(F?(z,0), F (¢, 17(z,0)),097(z,8) ~ 0,

mod zf’ -t {f,i=1, -, n. Using the same argument as in the holomorphic '
case we obtain
(2.40) Q0(2',0,0)+ Q7 (2,{,0)8,(,{") ~ 0,

mod z¥, ¢k, for any k < (p — 1)/N, where we have used the fact that the
preimages of (z',{’) under the truncated map are roots of polynomials
of degree N with coefficients holomorphic in (z’,{’) (see e.g. [10]). By
a similar uniqueness argument as in the holomorphic case we conclude
that Q(z’,{’,0) = 0, mod z';-‘,Cf‘, k < (p—1)/N. Since p is arbitrary, we
obtain that Q(z’,{’,0) ~ 0, which completes the proof of Lemma (2.32)
and hence that of Theorem 1.

3. Nonvanishing of the transversal component of a CR map

We show here that a CR map whose transversal component does not
vanish identically is of finite multiplicity. More precisely we have

Theorem 2. Let H: M — M' be a formal CR map between two for-
mal hypersurfaces at the origin in C**'. If M is essentially finite and a
transversal component G of H does not vanish identically, then H is of
finite multiplicity.

Proof. We shall assume by contradiction that H is not of finite mul-
tiplicity and show that this is impossible, since it implies that G- = 0. As
in the proof of Theorem 1, we start with the fundamental identity (2.8)
of Lemma (2.7). As before, we make the changes of variables (2.10) and
(2.11). Then set T = 0 to obtain by using (1.9)

(3.1) G(z,4(2,0)) ~ Q(F (z,4(2,0)), F({,0),0),

where A(z,{) = R(z,{,0), with R as defined in (2.11). Again using (1.9)
we may expand the left-hand side of (3.1) and write

Mz, §)F!
k

(32) A(z,0) |Gu(2,0)+ Y G (2,072

k>2
~ Q(F(z,4(2,()), F({,0),0).

We shall need the following two lemmas.
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(3.3) Lemma. H is not of finite multiplicity if and only if there is a
prime ideal # in @|[[z]] such that

(3.4) (Fi(z,0),--- , Fa(z,0)) C .7,
3.5 dime @[[2]]/F = oo.

Proof. If H is of finite multiplicity, then (3.4) and (3.5) are impossible
since ‘
dime @[ 2]]/(Fi(z,0),-- -, F,(2,0)) < oo.

Conversely, suppose that H is not of finite multiplicity, and let % be the
radical of (Fy(z,0),---, Fy(z,0)). Since % = rad %, we may write

k
(3.6) H = ﬂ P,
j=1
where each &; is a prime ideal in #[[z]], by the Lasker-Noether de-
composition theorem [16, Chapter IV, Theorem 5]. Since H is not of
finite multiplicity, dim¢ @[[z]]/(F1(2,0),---, Fn(z,0)) = oo, and hence
dim Z[[z]]/H = oo by the Nullstellensatz. We claim that dim¢ &[[z]]/ %},
= oo for at least one jj, otherwise there must be N for which Z{V € %
for all j,i = 1,---,n, contradicting that .% is of infinite codimension in
@([z]]. By taking .# = %, we prove the lemma.
(3.7) Lemma. Let M be essentially finite, R given by (2.11) and A(z,{)
" defined by
Mz 0~ R(2 00 ~ P an(0)z"

Then
dime Z[[{]]/(aa()) < oo.
Proof. Let¢(z,{,0) ~ 3, bo({)z* where ¢ is as in (2.3). By definition,
M is essentially finite if and only if dime @[[{]]/(bo({)) < co. We shall
show that

(3.8) (ba(£)) = (@a(0))-
Let u(z, {) be defined by
(3.9) u(z,l) —ip(z,{,u(z,{)) ~0, u(z,0) ~ u(0,{) ~

Then we have

(3.10) Mz, ) ~u(z,0) + ip(z, 8, u(z,0)) ~ 2ip(z,{,u(z,0)).
From (3.10) it follows that

(3.11) Mz,0) ~ 2ip(z,(,0) + u(z,{)a(z,{),
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with a(0) = 0. By (3.9) and (3.11) we obtain

(3.12) Mz,0) ~ 9(2,£,0)8(2,0),

with B(0) # 0, v/hich proves (3.8).

(3.13) Lemma. If .7 c &1L, § = (Ci,---,Cn), is a prime ideal, and
F oLzl z = (24, ,Zp), is the ideal generated by & in @[[(, z]],
then % is again prime.

Proof. By induction we may reduce to the case where p = 1. In this
case any element of @[[(, z]] is a power series of the form ¥, i ({)z*.
If (3, dj(0)z) (T, ck()z%) € #, then either all the d; or all the c; are
in ¥, Indeed, if not, we may assume d;, ¢ ¥ and d; ~ 0 for j < jo,
and similarly for )~ ¢x({)z*, with cy,. Then dj ¢, € 7, contradicting the
primality of ¥, and Lemma (3.13) is proved.

We may now complete the proof of Theorem 2. By Lemma (3.3) there
is a prime ideal .¥ in Z[[{]] of infinite codimension such that

(F1(¢,0),-- ,Fn(L,0)) C.7.

Let .# be the ideal generated by % in gM[z,{]), z = (21,--,2a), { =
(¢1,++,¢s). Then by Lemma (3.13) . is a prime ideal. Since the right-
hand side of (3.2) is in .# (by (2.6)) we conclude that either

(3.14) Mz, Q) e s,

or

(3.15) Gu(2,0) +Zka(z,0)11-(5’75,1'(—_—l e 7
k>2 ’

By the essential finiteness of M, together with Lemma (3.7), it follows that
(3.14) is impossible. Therefore (3.15) holds, which implies G,,(z,0) = 0,
since A(z,0) ~ 0 (by (3.12) and (2.3)). By factoring successive powers of
A(z,{) in (3.2), we prove inductively that G, «(z,0) ~ O for all &, reaching
the desired contradiction. Hence Theorem 2 is proved.

We include here another consequence of the nonvanishing of the trans-
versal component of a CR map.

(3.16) Proposition. Let H: M — M’ be a formal CR map, with M, M’
Jormal hypersurfaces at the origin in C**'. If M is of finite type and a
transversal component G of H does not vanish identically, then M' is of
finite type.

Proof. We begin with identity (3.2). By (3.12), which does not use
the assumption that M is essentially finite, A is of finite type if and only
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if A(z,{) # 0. We claim that the left-hand side of (3.2) does not vanish
identically. For if so, we would have

k-1
(3.17) Gu(2,0)+ ) ka(z,O)LZ’kgvl— =0,
' k>2 ’
which implies G,,(z,0) = 0, since A(z,0) = 0. Factoring successive powers
of A(z,{) would imply G,«(z,0) = 0 for all k, contradicting the assump-
tions.

(3.18) Definition. Let H: M — M’ be a formal CR map between two
formal hypersurfaces at the origin in C**!, Suppose that H = (Fy, - - -, F,,,G),
where G is a transversal component of H, and (z,w) are coordinates for
M such that w is transversal to M. Then H is totally degenerate if

(3.19) det(8F;/0z;)(z,0) ~ 0.

Using (1.2) and (1.8) one can easily check that condition (3.19) is in-
dependent of the choices of coordinates for M and M’.

By known results (see e.g. [3] for references) it follows that if H is of
finite multiplicity, then H is not totally degenerate. However the converse
is not true, even if M or M’ is assumed essentially finite, as shown by the
following examples.

(3.20) Example. Here M and M’ are embedded hypersurfaces in C3
given by

M ={(z,w): Imw — |z1|* - |z2]> = 0},

M ={(Z,w'): Imw’ = 0}.
Let H: M — M’ be the holomorphic mapping defined by H = (Fy, F,,G),
with Fi(z,w) = z,, F>(z,w) = 2,22 and G = 0. Then det(9F;/dz;) = z,,
so that H is not totally degenerate. However, dim@[[z, z2]]/(z1, 21 22) =
00, so that H is not of finite multiplicity. »

(3.21) Example. Here also M and M’ are embedded hypersurfaces
in C3 given by M = {(z,w): Imw — |z;|? — |z;23)> = 0} and M’ =
{(z/,w"): Imw’ — |z}|> — | 24> = 0}. Let H: M — M’ be the holomorphic
mapping defined by H = (F1, F5,G) with Fi(z,w) = zy, F>(z,w) = z12;
and G = w. In this example M’ is essentially finite, M is of finite type
but not essentially finite, H is not totally degenerate, but not of finite
multiplicity,

Under additional assumptions on M and M’ we can prove that if H is
not totally degenerate, then H is of finite multiplicity.

Theorem 3. Let H: M — M’ be a formal CR map, with M essentially
finite and M' of finite type. Then H is of finite multiplicity if and only if H
is not totally degenerate.
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Proof- We consider separately the cases where a transversal component
G vanishes identically or not. If G # 0, then by Theorem 2, H is of finite
multiplicity and hence (see above) not totally degenerate.

For the other case assume G = 0, which implies by Theorem 1 that H
is not of finite multiplicity. Then by (3.1) we have

(3.22) Q(F(z,M(z,()),F(£,0),0)=0
with A(z,{) = R(z,{,0). We differentiate (3.22) with respect to zj, to
obtain the system for j=1,--- ,n

Z Qk(F(Z,/l(Z, C)),F({, O)s O)
k=1

X [Fr,z,(2,M(2,0)) + Fiw(z,4(2,§))Az,1(2, )] = 0.
By Cramer’s rule,
(3.24) Qu(F(z,4(2,0)), F(£,0),0)D(2,{) =0,

where

(3.23)

D(z,¢) = detlFy (2,42, §)) + Fiew(2,4(2, )22, (2, O))-

If D(z,{) = 0, then by taking { = 0 and noting again that A(z,0) = 0 by
(3.12), we have det(F; ; (z,0)) = 0, which is the desired conclusion. If
D(z,{) #£ 0, then (3.24) implies

(3'25) Qk(F(Z’A(Z’ C)),F(C,O),O) =0.

Since M’ is of finite type, we may assume Q.5 (0) # 0. Repeated
differentiation of (3.25) with respect to z (with the assumption D(z,{) #
0), gives

(3.26) Q.o (F(2,42,0)),F((,0),0) = 0.
Now put z = 0 in (3.26) to obtain
(3.27) Q20 (0,F(£,0),0) ~ 0,

Differentiating (3.27) with respect to {, we find that either Q. e (0) = 0,
which is impossible, or det(F¢,)({,0) = 0, completing the proof of the
theorem.

(3.28) Proposition. If M’ is of finite type, and H is not totally degener-
ate, then M is of finite type.

Proof. We begin with identity (3.1) from which we obtain, by using
(3.12) and (1.9),

(3.29) a1(z,{)e(2,(,0) ~ Q(F (z,A(2,()), F(£,0),0).
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Now we reason by contradiction. If M is not of finite type, then ¢(z,{,0)=
0 and we obtain (3.22) from (3.29). (In fact we could also replace A(z,{)
by 0.) From this point, the rest of the proof is identical to that of Theorem
3.

We now give an example which shows that we can have G # 0, even
9G(0) # 0, but H totally degenerate.

(3.30) Example. Here M and M’ are both hypersurfaces in C? given
by

M={(z,w):Imw —|z;)? =0}, M ={(z,w): Imw —|z,|*—|z2]> = 0},

and H = (F,F,,G) given by F| = z;, F, =0, G = w. Then M is of
finite type, M’ is essentially finite, H is totally degenerate (and hence not
of finite multiplicity) but 4% = 1.

(3.31) Remark. When M and M’ are formal embedded hypersurfaces
at 0 in C?, then clearly H is of finite multiplicity if and only if H is not
totally degenerate, and essential finiteness is equivalent to being of finite
type. It has been shown in [1] that if A and M’ are of finite type, then H

is of finite multiplicity if and only if H # 0.

4. Classification of smooth local CR mappings

In this section we consider a smooth CR mapping H: M — M', where
M and M’ are embedded smooth hypersurfaces in C”*! containing the
origin, with H(0) = 0. We combine Theorems 1, 2, and 3, as well as C*
analogs of some results given in [3] in the real analytic case.

Theorem 4. Let H: M — M’ be a smooth CR mapping defined near
0, with M and M' C* hypersurfaces in C**'. Let w be any (formal)
transversal coordinate for M and G any (formal) transversal coordinate of
H. Assume that M is essentially finite at 0.

(i) If G = 0, then either H is not of finite multiplicity at 0 or M’ is not
essentially finite.

(ii) If G # 0, then 95(0) # 0, H is of finite multiplicity and M' is
essentially finite.

In addition if M and M’ are real analytic and H is holomorphic, then
(ii) holds if and only if H maps any neighborhood of 0 in M onto a neigh-
borhood of 0 in M.

Proof. Claim (i) is an immediate consequence of Theorem 1. To prove
(ii) suppose that G # 0. Then by Proposition (3.16) M’ is of finite type.
Also, by Theorem 2, H is of finite multiplicity. Now we can apply Theorem
1 to prove that $2(0) # 0. It remains to show that M’ is essentially finite.
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To prove this, we will make a slight modification of the proof of Theorem
3 of [3], where this result is proved under the additional assumption that
M and M’ are real analytic.

We begin with identity (3.1) from which we obtain, using g%(O) # 0,

(4.1) Mz, 0)a(z,8) ~ Q(F(2,0),F(£,0),0)
with «(0) # 0. By means of (3.12) we find
(4.2) ai(z,0)p(2,£,0) ~ Q(F(2,0), F(¢,0),0)

with a,(0) # 0. Now (4.2) is very similar to (3.10) of [3]. We proceed as
in the proof of Theorem 3 of [3], the main difference being that since Q
is not assumed convergent we truncate it also. We choose & as in loc. cit.,
and, writing Q%, F* and 0‘1 for the truncations of Q, F and «; respectively,
we define p*)(z, {) by

k

(4.3) of(2,0)pW(z,0) = Q*(F¥(2), F (£),0).
Write
(4.4) =Y ba(2),
Z k(e
<k
By (4.3), if %) Ea z){®, then
(4.5) (a (Z))=(b§(F"(Z)))

and therefore, in consequence of Lemma (4.5) of [3],

olzl] _ dime 2[[z]}/(a¥)(2))
(k(z)) ~ dime [[z])/(FF(z))

We now apply Lemma 4.3 of [3] to conclude that dim&[[z]]/(b.(z)) is
finite and equal to the left-hand side of (4.6), which is independent of k.
This proves M’ is essentially finite, and hence the proof of Theorem 4 is
complete.

Theorem 5. Let H: M — M’ be a smooth CR mapping. If either

(1) M is essentially finite and G £ 0, or

(i1) M’ is essentially finite and H of finite multiplicity,
then

(4.7) esstype M = (mult H)(esstype M),

(4.6) dim¢

with all three integers in (4.7) finite.
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Proof. If (i) holds, then it follows from Theorem 4 that M’ is essentially
finite and H is of finite multiplicity. If (ii) holds, we claim that M is
essentially finite. If M and M’ are real analytic, then this claim is Theorem
2 of [3]. In the C*° case we need some modifications. We begin with (4.2)
except that now we do not assume «,(0) # 0. We truncate F and Q by
choosing & as follows. Let N be sufficiently large such that

(4.8) (ba(2)) = (ba(2): o] < N).

We choose p so that z¥ € (b.(2)), i = 1,---,n, and so that z¥ €
(Fi(z,0),---, F,(z,0)). Finally choose N’ so that

(4.9) (ca(2)) = (ca(2): Ja] < N'),

where a;(z,{)p(z,{,0) ~ Ecé(z){a. Now choose k > max(N, N’,p*n),
and define cék) by

(4.10) S db(2)0% = Q4(FK(2,0),F*(¢,0),0),

where F¥ and QX are the truncations of F and Q. By the choice of p and
Lemma (4.3) of [3] we have

(4.11) ¥ € (bX(z)), i=1,---,n,
which implies that
(4.12) (Ff(2,0)) € (b5(F*(2,0))).

fS‘inc‘e zf’l € (Ff‘(z,O)) by Lemma (4.3) of [3], from (4.12) we conclude that
ori=1,---,n,

(4.13) 27" € (b5 (F*(z,0))).

Making use of (4.10), Lemma (4.7) in [3], and the fact that Fk(C ,0) is an
open map we obtain that

(4.14) 2 € (B (z2)) = (cal2)),

the last equality following from [3, Lemma (4.3)] and (4.9). Since (a,(z))=
(ca(z)) where ¢(z,{,0) ~ > a,(z){*, M is essentially finite.

To complete the proof of Theorem 5, it remains to show (4.7) under
the assumption that all three integers are finite. Under this assumption by
Theorem 1 we see that (0) # 0 so that (4.2) holds with a;(0) # 0. The
desired equality then follows from (4.2) and the end of the argument of
the proof of Theorem 4. Hence Theorem 5 is proved.

If M is a C*™ hypersurface in C"*! defined by p(Z,Z) = 0, p(0) =
0, dp(0) # 0, it may not be possible to find (convergent) holomorphic
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coordinates in C**1, (z,-- -, z,, w), such that w is a transversal coordinate
to M in the sense of §1. If (z|,---,z,, w) are convergent holomorphic
coordinates in C"*! and k > 1 is an integer, w is called a transversal
holomorphic coordinate for M of order k if

(4.15) p(z,w,0,0) ~ az,wyw + &(|z|**!, jw|+),
with a holomorphic, a(0) # 0. Then M is parametrized by (z,Z, s), where
(4.16) s = Re(ia(0)w).

Given any k > 1, it is easy to show that one can find holomorphic coordi-
nates satisfying (4.15). Moreover if M is real analytic, one can also take
k = +oo.

Similarly let H: M — M’ be a smooth CR map, and M, M’ be smooth
hypersurfaces in C**!. If (z}, -, z},w’) are holomorphic coordinates for
M' with w’ transversal up to order k, and H = (fi,---, fa, £), Where f;
and g are smooth CR functions on M, then g is called a transversal CR
component of H of order k.

The following is a consequence of Theorem 4.

(4.17) Corollary. Let H: M — M’ be a smooth CR map, with M and
M' smooth hypersurfaces in C**!, and M essentially finite at the origin.
Suppose k > 1, and g is a transversal CR component of H of order k. Then
one of the following holds:

(i) g vanishes of order k +1 at 0, and either H is not of finite multiplicity
or M' is not essentially finite.

(ii) %‘E(O) # 0, with w a transversal coordinate for M of order > 1, and
s given by (4.16). In addition H is of finite multiplicity at 0, and M' is
essentially finite.

5. Applications to holomorphic extendability of smooth CR mappings

Here we apply §4 to generalize results on holomorphic extendability of
smooth CR mappings between real analytic hypersurfaces obtained in [3].
We assume that M and M’ are real analytic and H: M — M’ is a smooth
CR mapping. After holomorphic changes of coordinates for M and M’
we can assume that the coordinates for AL are of the form (z,w) where w
is a transversal coordinate (of order o) and H = (f1, -, fu, &), g being
a transversal CR component of H (of order co). Since the Taylor series
of g coincides with G(z,w) restricted to M (see §1 and [3, §2] for further
details), it follows that G = 0 if and only if g is flat at 0.



GEOMETRIC PROPERTIES OF MAPPINGS 491

Theorem 6. Let H: M — M’ be a smooth CR map, H(0) = 0, where M
and M’ are real analytic hypersurfaces in C"*', and g is a transversal CR
component of order oo. Then H extends holomorphically to a neighborhood
of 0 in C™! if any one of the following conditions holds.

(i) M is essentially finite, and g is not flat at 0.
(ii) M’ is essentially finite, and H is of finite multiplicity at 0.

(iii) M’ is essentially finite, and H is not totally degenerate at 0.

Proof. Suppose first that (i) holds. Since g is not flat at 0, G # 0.
Then from Theorem 4 it follows that condition (ii) also holds. On the
other hand, since H is of finite multiplicity, it is not totally degenerate,
and hence condition (ii) implies (iii).

It remains to prove that (iii) implies holomorphic extendability. An in-
spection of the proof of Theorem 1 of [3] shows that extendability holds
if M is of finite type, M’ is essentially finite, and H is not totally degener-
ate and also satisfies the following condition: If H = (Fy,--- , F,, G) and
P(z{,---,z}) is a holomorphic function (with constant coefficients), then

(5.1) D(Fi(z,0),---,Fy(z,0)) =0 implies p=0.

As is well known, if (5.1) does not hold, then det(8F;/dz;) = 0, which
would contradict the assumption that H is not totally degenerate. Finally,
by Proposition (3.28), since M’ is of finite type and H not totally degen-
erate, it follows that M is of finite type. Hence, all the conditions for
extendability of [3] are satisfied if (iii) holds.

(5.2) Remark. By Theorems 4 and 5, conditions (i) and (ii) of Theorem
6 are, in fact, equivalent. Theorem 1 of [3] already contains the result that
extendability holds under condition (ii) of Theorem 6. However, condition
(iii) is weaker than (i) and (ii), as is shown by Example (3.21), where H is
not totally degenerate, but is not of finite multiplicity, with M’ essentially
finite. It should be noted that in that example the map H: M — M’ is not
finite-to-one.

6. Multiplicities of proper holomorphic mappings

In this section we consider a proper holomorphic mapping #: D — D',
where D and D’ are bounded domains in C”*! with real analytic boundaries
such that # extends holomorphically in a neighborhood of D. By Theorem
6, this is satisfied, if # is assumed to be smooth up to the boundary, and
no transversal component of /# is flat at any point of M = dD.
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Theorem 7. Let #: D — D’ be as above, Then at every point ¢ € 8D
we have

where G and w are respectively a transversal component of # and a transver-
sal coordinate for M at q. In addition, 7|y is of finite multiplicity at every
point g € 8D, and 7 extends to a proper holomorphic map from an open
neighborhood Dy of D to D', an open neighborhood of D' .

Proof. 1t suffices to apply Theorem 4 with A/ = 8D near g, M’ = 8D’
and H = #|p. By the theorem of Diederich-Fornaess [7], M does not
contain any complex analytic variety and hence is essentially finite. We
may eliminate the case G = 0 since this would contradict the assumption
that /# is proper and hence finite. By Theorem 4 we conclude (6.1) as
well as the finite multiplicity of #|),. Using (1.9) we also see that # is
a finite map at every point of 8D. To prove that /# extends to a proper
map we cover @D with finitely many balls in which /# is a proper map.
It remains to prove that /# extends as a proper holomorphic map from
an open neighborhood of D, of D to Dj, an open neighborhood of D.
Let p'(Z',Z') be a real valued defining function for IV, i.e., D' = {Z’ €
¢+, p!(Z',Z') < 0}, dp’ # 0. Using (6.1) it suffices to choose & > 0
sufficiently small and to take

D\ ={ZeC™, p\#(Z),#(Z)) <e}.
For p € Dy, a neighborhood of D, we define m(#, p), the multiplicity
of # at p, by
m(Z,p) = dime GI[Z - pl)/(#(z) — Z(p)).
For k& > 1 we denote by V; the set of points in D; of multiplicity > k, i.e.,
(6.2) Vi = {p € Di: m(#,p) > k}.

Clearly V) = D, and V, = {Z € D,: det(8#;/3z)(Z) = 0}. More gener-
ally we have the following.

(6.3) Proposition. For every k > 2, V, is an analytic set, more precisely,
there exist ff,---, f/;k, holomorphic in D, such that

(6.4) Vi={peD: ff(p) =0, 1<j < N}

This result is, no doubt, known in the folklore. However, lacking an
explicit reference we include a proof here.

We begin with the following lemmas, which will also be needed in the
proofs of Propositions (1.12) and (1.14).
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(6.5) Lemma. Let f,- -, fy be formal power series in@|[[z}, 22, -+ , Za]]
such that (f) = (fi,---, f7) is of finite codimension. Then for any integer
k > 1 the following are equivalent:

(1) codim(f) <k,

(ii) codim(fy,- -, fy, 28*1, .- 2k < k.

Proof. Assume (i). Thenfor j=1,---,n, wehave 1,z;,--- ,zj-‘ are lin-
early dependent in Z[[z]]/(f). Therefore zj‘ € (f). Hence (f1,--,f1) =
(fi,-+ s fr, 25FY, -+, Zk+1), which proves (ii). Conversely, assume (ii).
Again we conclude zj‘ € (fi, -, fr, 28, ... Zk+1). Hence by a version
of Nakayama’s Lemma (see e.g. Lemma (4.3) of [3]) we obtain

(f)z(.fl’ N fJ: k+l:"': lrf+l):

which implies (i), and hence the proof of Lemma (6.5) is complete.
(6.6) Lemma. Letk > 1bean integer. There exist Ny, a positive integer,
and K1, - , Ky, polynomials in J(k + 1)" variables such that if

fi(z)=)"alz*, 1<j<J,

a

then

(6.7) codim(f) > k

if and only if

(6.8) K,(al) =0, 1<j<J,1<u<N, a; <k, 1<i<n.
Proof. Consider the space % [z1,- -, z,] of polynomials of the form

p(z) =3 a,z% a, =0, if a; > k for some i, @ = (a1, -+ ,a,). Let N be

the dimension of %, as a vector space over C, and e;,--- ,en a basis of

P, consisting of monomials. We write
(6.9)

. J ifa;<kforalli=1,---,n
(k ’j rj _ g r = » s Ty
E a,’z% wherea/’ =
f « { 0 otherwise.

Assume codim(f) = p < k. It follows from Lemma (6.5) that there exist

{g1,-+,8} C {e1, - ,en} such that every r(z) € % can be decomposed,
? J

(6.10) Z a;gi(2) + > [F(2)hi(z)  mod (z5*),
= j=[

with a; € C and h; € &. By decomposing (6.10) in terms of the ba-
sis {e|, -+ ,ey} we find N equations in JN + p unknowns, a; and the
coefficients of the 4;. Since the coeflicients of r are arbitrary, we must
have an N x N nonzero determinant involving the coefficients of the fj(k).
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The lemma will follow by considering the finitely many possible subsets
{81, .8} CH{e, ,en},p < k.

Now to complete the proof of Proposition {6.3), it suffices to use Lemma
(6.6) with J = n and to replace a] by 1(8#/8z*)(p) in (6.8).

Since the proofs of Propositions (1.12) and (1.14) also make use of
Lemma (6.6) we shall give them here.

Proof of Proposition (1.12). Let p(Z,Z) be a real analytic defining
function for M. We assume (8p/0Z,.)(D) # 0. By the implicit function
theorem there exists a holomorphic function 8({’,p) in 2n + 1 variables
defined near the origin satisfying

(6.11) pp;¢,0((.p)=0
with (7', p) = P, for p € M. We have used the notation { = (', {ury),
P = (P, Pnt1)-

If we write

p(Z,0,6(¢.p) =) au(Z,p. D) — D),

then it is easy to see that, for p e M,

(6.12) esstype, M = dimc Z[[Z — p]l/(aa(Z, p, D))
Note that the functions a,(Z, p, q) are holomorphic, and by (6.11), satisfy
a.(p,p,p) = 0.

By the Noetherian Theorem there exists an integer J; such that
(aa(Z,p,q)) = (ae(Z,p,q), || < Jo)

as ideals in &[[z — p, p, q]]. Hence there is a number J and multi-indices
all’) ... a) such that

(aa(Zsp:ﬁ)) = (aa(j)(Z:p;I_))): | S j S J’

as ideals in @[[Z — p]] for all p near the origin. We may now apply Lemma
(6.6) as in the proof of Proposition (6.3) to show that the points of type
> k satisfy real analytic equations.

Proof of Proposition (1.14). If M is defined by p(Z,Z) = 0 near the
origin, with p real analytic, and if H(Z) = (H\(Z),---,H,,1(Z)), it is
easy to see that for p € M, near the origin,

mult, H
=dimc I[Z - pll/(H\(Z) = Hi(D), -+ , Hy1(Z) = Hp11 (P), P(Z, D)

We again use Lemma (6.6), as in the proofs of Propositions (6.3) and
(1.12) to show that the points of type > k satisfy real analytic equations.
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We shall also need the following, which shows that the analytic set V5
must cross the boundary of D. More precisely we have

(6.13) Proposition. Let #: C**! — C**!, M and M’ be real analytic
hypersurfaces containing the origin such that M is essentially finite and
A (M) C M. Let A(z) = det(0#;/0z;)(Z), and V be the germ of the zero
set of A. If A(0) = 0, then for every neighborhood & of 0 in C**! we have

(6.14) VNQt£0 and VNQ #£0,

where Q* = {Z € Q: p(Z,Z) z 0}, p a defining function for M.

Proof. By Theorem 4, either a transversal component G of # vanishes
identically, in which case (6.14) is obvious, or else %( ) # 0 with w a
transversal holomorphic coordinate for M, and 7|y, is of finite multi-
plicity. We assume the latter conclusions and write # = (Fy,--- , F,, G).
Since #Z’|3s of finite multiplicity implies det((8 F;/8z;)(z,0)) # 0 (see [3,
Lemma (3.19)]) and by (1.9)

A(z,0) = det (g ;( 0)) (Zg(z 0))

we have, after a linear change of variables in z(,--- , z,,

3k

—A(O 0)#0.
d zk

Hence, by the Weierstrass Preparatlon Theorem, the set V' is given by an

equation of the form
k-1

(6.15) z{‘+Zaj(z’,w)z{ =0,
=0
where z/ = (z,,---,z,), and the ag; are holomorphic and vanish at 0.
Let z(ll),--- ,z(lk) be the roots of (6.15) at (z/,w). Define the function
p(z',w,z', W) by
k
(6.16) plz w2 w) =Y pz0, 2/, w, 2V, 2, w).

Since the right-hand side of (6.16) is a symmetric function of the roots of
(6.15), it is clear that p is a real-valued real analytic function. We claim
that

(6.17) 2-5(0) # 0.

If so, this will prove that j changes sign in any neighborhood of 0 in C”
and hence so does p on V. This will prove (6.12).
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To prove the claim (6.17) it suffices to compute 5(0,w,0,0), i.e., by
taking z’ = 0 and replacing Z and w by 0. By (1.2) we have

p(z,w,0,0) = a(w)w + Z a.p25w? + 0(2')),

a>1
21
with a(w) holomorphic and a(0) # 0. Therefore using (6.16) we obtain
$(0,w,0,0) = ka(w)w + > _ hg(w

p>1

with

where z( are the roots of (6. 15) as above. It is clear that /4 is holomorphic
since it is a symmetric function of the roots, and we also have Ag(0) = 0,
B > 1. Hence (6.17) is proved.

Theorem 8. Let #: D — D’ be as above, and H: 8D — 8D’ be the
restriction of the extension of # to 8D. Let m(H,q) be the multiplicity of
H, as a CR mapping, at q. Then there exists ¢ > 0 such that
(6.18) sup m(#,p) < sup m(H,q),

peD,
where D, = {z € D: d(z,8D) < &}.

Proof. Since m(#,p) is the topological multiplicity of /# in a suffi-
ciently small neighborhood around p (see e.g. [10]), for each p € D there
exists a neighborhood U of p such that m(#,q) < m(#,p) forallg € U.
By compactness of D we conclude that the set ¥V, defined by (6.2) is empty
for k sufficiently large, say & > k;. Let E be the set of all isolated points
in {J,< k<k, VeND. From local properties of analytic sets and the compact-
ness of D it follows that E is finite. We choose ¢ sufficiently small so that
D,NE = &. Hence any component in D of Uzs k<k, Vk\E 18 not compact.
Therefore its closure must intersect D. This shows
(6.19) sup m(Z,p) < sup m(#,q).

pED,

We need to compare m(#, q) and m(H, q) for g € 3D. By Theorem 7 it
follows that a transversal component G of # satisfies g—g(q) # 0, where w
is a transversal holomorphic coordinate for M and therefore (using (1.9)),
m(#,q) = m(H,q) for all ¢ € D. This proves Theorem 8.

The following example shows that (6.18) does not hold if D; is replaced
by D.
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(6.20) Example. Let D and D’ be contained in C? and be defined by
D= {(z,w) e C%: |2} + zw)® + |w|* < 1},
D ={(z',w')eC¥ |Z|*+|w* < 1}.
Let # = (z3 + zw, w). Clearly /# is a proper map from D into D'. Then
1 if3z24+w#0,
m#,(z,w))=¢ 2 if3z224+w=0, z#0,

3 ifz=w=0.
Therefore
(6.21) supm(Z,p) =3 > sup m(H,p) = 2.
peD p€dD

The next example shows that inequality (6.18) of Theorem 8 can be
strict for every positive &.
(6.22) Example. Let D and D’ be domains in C3 given by

D={(z;,z2,w) e C: |Z} + w2 + |zo)* + |w — 1]* < 1},
D' ={(z}, 25w e C: |z12 + |Z5)7 + |w’ = 1> < 1},
and let # = (z3 + wz?, z;,w). Then
1 if zy #0 and 3z, + 2w # 0,
m(Z,(z,w)) =4 2 if (z1=0and w #0) or (z; # 0 and w = —3z)),
3 ifzi=w=0.
Therefore V3N D = (0) and V3N D = @. Hence

sup m(H,q) =3 > supm(#,p) =2.
qeSD peED

Note that the set V3 = {z; = w = 0} stays entirely in C*\ D and intersects
D only at the origin. This is in contrast with the result for V5 given by
Proposition (6.13).

Theorem 9. If m(H,q) = 1 for all ¢ € 8D, then m(#,p) = 1 for all
p € D. Also, if sup,cop m(H, q) = 2, then (6.18) becomes an equality.

Proof. In order to prove the first statement, note that the hypothesis is
equivalent to ¥,NdD = &, since V5 is the zero of the Jacobian determinant.
The compactness of D implies that 5 N D = @ also. For the second
statement we use Proposition (6.13) to conclude that if V2N oD # &, then
V,ND # & (and also V3N(C"**!1\D) # @). Therefore we obtain the opposite
inequality of (6.18), and hence the theorem is proved.

We shall now deal with questions of global multiplicity. Suppose /#: D
— D' is as above. For p € D, we let u(#, p) be the number of preimages
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in D of #(p). Similarly, if ¢ € 8D we denote by u(H, q) the number of
preimages of H(g) in 8D. We have the following corollary of Theorem 7.
(6.23) Corollary. If #: D — D' is as above, we have

(6.24) sup u(H,q) = sup u(Z,p).
qeD peED

In particular, if # is 1-1 on D, then 5 is 1-1 on a neighborhood of D.

Proof. By Theorem 8, # extends to a proper mapping from D, to Dj.
The set E of points p such that

sup u(#, q) = sup u(Z,q) = W(#,p)

q€D q€D,
is a dense open set in D; for which E N dD is also dense in D (see e.g.
[16]). This proves (6.24). In particular, if # is 1-1 on D, then # is also
1-1 on D,, proving the corollary.

Our last result deals with proper self-maps.

Theorem 10. Let D be an open domain in C**! with real analytic bound-
ary, and let # be a proper holomorphic self-map of D. If # € C*(D), and
a transversal component G of 7 is not flat, at every point g € 8D then %
extends as a biholomorphism from an open neighborhood of D into another.

Proof. By Theorem 6(i), we may assume that # extends holomorphi-
cally in a neighborhood of D. The proof then proceeds as in the proof of
Theorem 4 of [1] with the following modification. The set s{(d) of points
of 8D of type > d must be replaced by the set of points in D of essential
type > d, which is again a real subvariety of Proposition (1.12). Also, the
identity relating the multiplicity of H at p and the types of 8D at p and
H(p) must be replaced by the corresponding identity on essential types
given by (4.7) of Theorem 5. The rest of the proof of Theorem 10 is the
same as the proof of Theorem 6 in [1].
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